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ABSTRACT
In this paper, we study the holography of quasi-topological gravity in several aspects.
We redo the calculation of shear viscosity on the boundary CFT with a new method which
is associated with conserved Noether current and show that it has only one mode explicitly.
Then we study the butterfly effect in AdS planar black hole and find it has two butterfly
velocity modes because of the quasi-topological term. We obtain new black hole solution
through introducing matter fields. We calculate the thermoelectric DC conductivity with
momentum dissipation in quasi-topological gravity and find its results are the same with
those of Einstein and Gauss-Bonnet gravities. These results show us explicit similarities
and differences between quasi-topological term and actual topological term in the context
of holography.
† jun peng@mail.bnu.edu.cn ∗xhfeng@tju.edu.cn
1 Introduction
Holography which links a (d + 1) dimensional gravity theory in the bulk to a dual d di-
mensional quantum field theory on the boundary plays a central role in modern theoretical
physics [1–3]. This duality not only provides a powerful tool to study strongly coupled
field theories on the boundaries of some gravitational backgrounds, but also sheds light on
the quantum aspects of gravity. Many great progress have been made in the framework of
Einstein gravity. To match more complicated and realistic condensed matter phenomenons,
we may take higher curvature terms into consideration. To some extend, this is also the
consistent requirement of quantum gravity.
Higher curvature interactions are generically expected to arise for the UV completion of
general relativity. It was realized more than forty years ago that the inclusion of quadratic
terms in the gravitational action can lead to a power counting renormalizable theory of
gravity [4, 5]. The theory admits the usual Schwarzschild black hole as a vacuum solution.
Recently it was demonstrated numerically that the theory contains a new black hole associ-
ated with the condensation of the massive spin-2 modes [6,7]. However, due to the presence
of potential massive ghost in the spin-2 modes, the unitarity in quantum theory will break
down [8].
Gauss-Bonnet gravity is a particular combination of quadratic curvature terms, of which
the equations of motion remain two derivatives with respect to arbitrary metric. As a re-
sult, it can avoids the ghost problem. A natural cubic generalization is third order Lovelock
action, but it is trival in five and higher dimensions. Recently, a new cubic curvature inter-
action, named quasi-topological gravity, has been constructed in [9, 10]. Quasi-topological
gravity has two remarkable properties. First, when evaluated on spherically symmetric
backgrounds, the equations of motion are only two derivatives and admit exact solutions
whose form is very similar to Lovelock gravity. Second, the linearized equations of motion
on maximally symmetric backgrounds coincide with the linearized Einstein equations up to
an overall factor. Thus it is also free of massive spin-2 ghost for general higher curvature
gravity. [11,12]. The generalizations of quasi-topological gravity can be found in [13–21]. It
deserves to point out that one kind of infinite derivative gravities which are singularity and
ghost free were constructed in [22–24].
Based on AdS/CFT correspondence, the presence of higher order derivatives terms in
gravity means new couplings among operators in the dual CFT. So various higher curvature
couplings will lead to more classes of dual field theories. Because the cubic quasi-topological
term is non trival in five dimensions, we would get a more general four dimensional dual
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CFT. In this paper, we aim to focus on the holographic aspects of quasi-topological gravity in
five dimension, including hydrodynamics, butterfly effect, thermoelectric DC conductivities.
This paper is organized as follows. In section 2, we give a brief review of quasi-topological
gravity. In section 3, we calculate the shear viscosity on the boundary CFT with conserved
Noether current and our result confirms the previous result using pole method [11]. In
section 4, we study the holographic butterfly effect and obtain the butterfly velocities. In
section 5, we calculate the thermoelectric DC conductivities with momentum dissipation
through introducing spatial scalar fields. We conclude in section 6.
2 Review of quasi-topological gravity
We start with a brief review of five dimensional quasi-topological gravity. The action can
be written as [10]:
I =
1
16π
∫
d5x
√−g
[
12
ℓ20
+R+
λ
2
ℓ20X4 +
7
8
µℓ40Z5
]
(2.1)
where X4 is Gauss-Bonnet term
X4 = RµνρσRµνρσ − 4RµνRµν +R2, (2.2)
and Z5 is the cubic quasi-topological term
Z5 = RacbdRcedfReaf b + 1
56
(21RabcdR
abcdR− 72RabcdRabceRde
+120RabcdR
acRbd + 144Ra
bRb
cRc
a − 132RabRbaR+ 15R3). (2.3)
The covariant equation of motion associated with the variation of the metric is
Eab ≡ PacdeRbcde − 1
2
gabL− 2∇c∇dPacdb = 0 , (2.4)
where Pµνρσ is defined by Pµνρσ = ∂L∂Rµνρσ , whose explicit expression is given by appendix
[25].
This theory admits an AdS vacua with radii
1
ℓ2
=
f∞
ℓ20
(2.5)
3
where the constant f∞ is determined as one of the roots of
1− f∞ + λf2∞ + µf3∞ = 0. (2.6)
The solutions describing planer AdS black holes take the form [10]
ds2 =
r2
ℓ20
(
−f(r)
f∞
dt2 + dx21 + dx
2
2 + dx
2
3
)
+
ℓ20
r2f(r)
dr2, (2.7)
where f(r) is determined by roots of the following cubic equation:
1− f(r) + λf(r)2 + µf(r)3 = r
4
0
r4
. (2.8)
It is easy to see that the black hole horizon is located at r = r0 where f(r0) = 0.
3 Holographic shear viscosity
In this section, we compute the ratio of the shear viscosity to entropy density for five
dimensional quasi-topological gravity. By now, the holographic calculation of the shear
viscosity for various models is well understood, seeing [26–46] for references. In fact the
shear viscosity of quasi-topological gravity has already been investigated in [11] using pole
method. Here we adopt an more universal and elegant formula proposed in [47], which is
especially convenient for high derivative gravities. This new method has been well developed
in [48].
To study the holographic shear viscosity, we perform the transverse and traceless per-
turbation
dx2 → dx2 + 2Ψ(t, r)dxdy (3.1)
We make an ansatz
Ψ(t, r) = ζt+ ψ(r) (3.2)
where ζ is a constant. The linearized equation for perturbation ψ(r) becomes
Aψ′′ +Bψ′ + Cψ = 0, (3.3)
where the coefficients A,B,C are respectively
A = r2f
[
9µr4f ′′2 + 72µr2f ′2 + f ′
(
9µr4f (3) + 81µr3f ′′ + 8λr
)
− 8
]
4
+8r2f2
(
3µrf ′ + 2λ
)
+ 24µr2f3
B = r2f ′
[
9µr4f ′′2 + 72µr2f ′2 + f ′
(
9µr4f (3) + 81µr3f ′′ + 8λr
)
− 8
]
+rf
[
162µr4f ′′2 + 552µr2f ′2 + f ′′
(
27µr5f (3) + 8λr2
)
+f ′
(
9µr5f (4) + 162µr4f (3) + 792µr3f ′′ + 80λr
)
− 40
]
+8rf2
(
3µr2f ′′ + 27µrf ′ + 10λ
)
+ 120µrf3
C = −8[3f2 (µr2f ′′ + 8µrf ′ + 4λ) + 2f (λr2f ′′ + 3µr2f ′2 + 8λrf ′ − 6)
−r2f ′′ + 2λr2f ′2 − 8rf ′ + 12µf3 + 12] (3.4)
Note that the linear time dependent ζ term vanishes in virtue of background equation of
motion. What is somewhat surprising is that the linearized equation involves only two
derivatives, though itself is very complicated. This distinguishes other high derivative grav-
ities remarkably.
A rather universal connection between Noether current and boundary stress tensor pro-
posed in [47] provides us a simple way to calculate the transport coefficients of dual field
theory on the boundary. According to Wald’s procedure, we can construct the radially
conserved current
J x = √−gJrx (3.5)
where
Jµν = 2Pµνρσ∇ρξσ + 4ξρ∇σPµνρσ (3.6)
To get a conserved current associated with boundary stress tensor which results from the
perturbation Ψ(t, r), ξ is chosen to be spacelike Killing vector ∂y. For the static background,
the current J x vanishes identically; it gives non-trivial contribution at the linear order once
the perturbation Ψ(t, r) is turned on. We find
16πJ x = r
5fψ′
8ℓ50
√
f∞
[
9µr4f ′′2 + 72µr2f ′2 + f ′
(
9µr4f (3) + 81µr3f ′′ + 8λr
)
+8f
(
3µrf ′ + 2λ
)
+ 24µf2 − 8
]
(3.7)
It can then be easily verified that the radial conservation law ∂rJ x gives precisely the
linearized perturbation equation (3.3).
Since the linearized perturbation equation is still two derivatives, we can impose the
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ingoing horizon boundary conditions for ψ as
ψ = ζ
log(r − r0)
4πT
+ · · · (3.8)
where T is Hawking temperature, which can be easily calculated
T =
r0
πℓ20
1
f
1/2
∞
(3.9)
Substituting this horizon data into the conserved current, we have
16πJ x = r
3
0
ℓ30
[1− 4λ− 36µ(9− 64λ+ 128λ2 + 48µ)]ζ (3.10)
So the viscosity is given by
η =
∂J x
∂ζ
=
r30
16πℓ30
[1− 4λ− 36µ(9 − 64λ+ 128λ2 + 48µ)] (3.11)
The entropy density can be calculated using Wald entropy formula
s =
r30
4ℓ30
(3.12)
The viscosity/entropy ratio is
η
s
=
1
4π
[1− 4λ− 36µ(9− 64λ+ 128λ2 + 48µ)] (3.13)
This result has already been obtained in [11] using pole method. Our calculation confirmed
this in a rigorous way. To be specific, we have shown explicitly the linearized perturbation
equation only involves two derivative, so this is the unique mode of viscosity. This property
resembles Gauss-Bonnet gravity instead of general high derivative gravities.
4 Holographic butterfly effect
The butterfly effect is associated with the exponential growth of a small perturbation to a
quantum system. In the context of holography, this effect has a beautiful realization [49–53]
in terms of a gravitational shock wave near the horizon of an AdS black hole [54]. The but-
terfly velocities for a variety of AdS planar black holes of various matter energy momentum
tensor were obtained [55–57]. The study has been further generalized to include higher-
6
order gravities [51, 58–61]. The expression of vB can be simple or complicated depending
on the detail structures of the black holes.
We study the butterfly effect of AdS planar black hole with the metric
ds2 = −f(r)dt2 + dr
2
f(r)
+
r2
ℓ2
dxidxi (4.1)
With this ansatz, the solution is determined by
1− ℓ
2
0f
r2
+ λ
ℓ40f
2
r4
+ µ
ℓ60f
3
r6
=
r40
r4
(4.2)
The temperature of black hole is
T =
f ′(r0)
4π
=
r0
ℓ20π
(4.3)
In the asymptotic infinity, f(r) behaves as
f(r) ∼ r
2
ℓ2
(4.4)
Near the horizon r = r0, the function f can be expressed as
f = f1(r − r0) + f2(r − r0)2 + · · · . (4.5)
To study the butterfly effects, we need convert to the Kruskal coordinates (u, v)
u = eκ(r∗−t) , v = −eκ(r∗+t) , with dr∗ = dr
f
. (4.6)
Here κ = 2πT = 12f1 is the surface gravity on the horizon r = r0, which corresponds to
uv = 0. Near the horizon, we have
uv = (r − r0)− f2
f1
(r − r0)2 + · · · , r − r0 = uv + f2
f1
(uv)2 + · · · . (4.7)
The metric (4.1) can now be expressed as
ds25 = A(uv)dudv +B(uv)dx
idxi , (4.8)
where
A(uv) =
1
κ2
f
uv
, B(uv) =
r2
ℓ2
. (4.9)
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We can Taylor expand the functions A and B on the horizon uv = 0,
A = A0 +A1 (uv) +A2 (uv)
2 + · · · , B = B0 +B1 (uv) +B2 (uv)2 + · · · . (4.10)
The relation between the coefficients (Ai, Bi) and fi in (4.5) can be found in [57]. To
calculate the butterfly velocity, one considers the metric perturbation
ds2 = A(uv) dudv +B(uv) dxidxi −A(uv) δ(u)h(~x) du2. (4.11)
We find that the linear butterfly equation of motion for h(~x) is
12A0(8λ− 3)µ
B1
h(~x) +h(~x)− 3B1
A0
h(~x) ∼ Ee2πT twδ(~x) . (4.12)
When µ = 0, this is exactly the shockwave equation for Einstein and Gauss-Bonnet theories.
For general µ, the shock equation can be factorized as
(+m21)( +m
2
2)h(~x) ∼ Ee2πT twδ(~x). (4.13)
Here  is the Laplacian of the flat space dxidxi. There are two modes with masses
m21 =
6B1
A0(1 −
√
1 + 144(8λ − 3)µ)
m22 =
6B1
A0(1 +
√
1 + 144(8λ − 3)µ) (4.14)
Stability requires that both masses squared are non-negative, which leads to a new con-
straint about coupling constants of the high derivative terms (see casuality constraints
in [11])
− 1
144
≤ (8λ− 3)µ ≤ 0 (4.15)
The solution to (4.13) takes the form
h(~x) ∼ E/(m
2
1 −m22)√|~x|
(
e2πT (tw−t∗)−m1|~x| − e2πT (tw−t∗)−m2|~x|
)
(4.16)
The butterfly velocity is defined as
vB =
2πT
m
. (4.17)
Thus the corresponding butterfly velocities associated with the m1 and m2 modes are given
8
by respectively
v21 =
1
3f∞
(1−
√
1 + 144(8λ − 3)µ)
v22 =
1
3f∞
(1 +
√
1 + 144(8λ − 3)µ) (4.18)
When we set µ = 0, the v1 vanishes and v2 =
2
3f∞
, which is just the result of Gauss-Bonnet
gravity.
5 Thermoelectric DC conductivities with momentum dissi-
pation
A small electric field E and thermal gradient ∇T will generate an electric current J and
thermal current Q. The conductivity matrix is defined through

 J
Q

 =

 σ αT
α¯T κT



 E
−(∇T )/T

 , (5.1)
where σ is the electric conductivity, κ¯ is the thermal conductivity and α , α¯ are thermoelec-
tric conductivities. In [62], Donos and Gauntlett gave a strategy to calculate holographic
DC conductivities with momentum dissipation through introducing spatial axion fields.
In this approach, we need only to focus on the horizon data by analysing the boundary
condition on the horizon. The key step is to construct the heat current Q which is dif-
ficult for high derivative gravities. Thanks to the relationship between the heat current
and Noether current built in [47], this process becomes rather systematic. Further discus-
sions on the holographic DC conductivities in various theories can be found in [47, 63–71].
The holographic s-wave and p-wave superconductor of quasi-topological gravity have been
investigated in [72,73]
Firstly we need to construct charged black brane with axions through introducing a
Maxwell field and three axion fields into the action
S =
1
16πG
∫
d5x
√−g
(
R+
12
ℓ20
+
λ
2
ℓ20X4 +
7
8
µℓ40Z5 −
1
2
3∑
i=1
(∂χi)
2 − 1
4
F 2
)
(5.2)
where χi(i = 1, 2, 3) are three axion fields. We choose the following planar symmetric
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ansatz
ds2 = −fdt2 + dr
2
f
+ r2dxidxi
A = adt, χi = βxi (5.3)
The solution of Maxwell equation is
a = δ
(
1− r
2
0
r2
)
(5.4)
which vanishes on the horizon at r = r0, and the constant δ can be interpreted as the chem-
ical potential of the boundary CFT. This theory admit the black hole solution determined
by the following algebraic relation
ℓ20δ
2r40
3r6
− ℓ
2
0β
2
4r2
+ 1− ℓ
2
0f
r2
+ λ
ℓ40f
2
r4
+ µ
ℓ60f
3
r6
=
m
r4
(5.5)
One can solve for the mass parameter m from f(r0) = 0,
m =
ℓ20δ
2r20
3
− ℓ
2
0β
2r20
4
+ r40 (5.6)
The Hawking temperature is
T =
24r0 − 3ℓ20β2 − 4ℓ2δ2
24ℓ20πr0
(5.7)
In the asymptotic infinity, f(r) behaves as
f(r) ∼ r
2
ℓ2
(5.8)
Then we can calculate the thermoelectric DC conductivities in holographic way. We consider
the linear perturbation
ds2 = −fdt2 + dr
2
f
+ r2dxidxi + 2Ψ1dtdx1 ,
A = adt+Ψ2dx1 , χ1 = βx1 +Ψ3 , (5.9)
with
Ψ1 = −tζf + ψ1(r) , Ψ2 = (−E + ζa)t+ ψ2(r) , Ψ3 = ψ3(r) . (5.10)
Put the above perturbation into the equations of motion, we can obtain tree linearized
equations for (ψ1, ψ2, ψ3).
2ℓ20r
2f
(
3µℓ40f
2 + 2λℓ20r
2f − r4
)
ψ′′1 − 2ℓ20rf
(
r3
(
r − 2λℓ20f ′
)
+ 2ℓ20rf
(
λr − 3ℓ20µf ′
)
+ 9µℓ40f
2
)
ψ′1
−
[
r4
(
ℓ20r
2a′2 − 2ℓ20r2f ′′ + 4λℓ40f ′2 − 8ℓ20rf ′ − 3β2ℓ20 + 24r2
)
+ 6µℓ60r
2f2f ′′
+4ℓ20r
2f
(
r2
(
λℓ20f
′′ − 3)+ 3µℓ40f ′2 + 2λℓ20rf ′)− 12µℓ60f3]ψ1 − 2ℓ20r6fa′ψ′2 = 0 (5.11)[
r(ψ1a
′ + fψ′2)
]′
= 0, ψ′′3 +
(f ′
f
+
3
r
)
ψ′3 −
βζ
r2f
= 0 (5.12)
Once again the linearized equation for ψ1 which results from the generalized Einstein equa-
tion is still two derivatives.
The conserved electric current can be easily defined from the Maxwell equation and is
given by
J =
√
gF rx1 = r(ψ1a
′ + fψ′2) . (5.13)
The holographic heat current can be constructed by using the method proposed in [47],
namely
Q =
√−g(2P rx1ρσ∇ρξσ + 4ξρ∇σP rx1ρσ + aF rx1)
=
1
r3
[r4a
(
ψ1a
′ + fψ′2
)
+
(
fψ′1 − ψ1f ′
) (−3ℓ40µf2 − 2ℓ20λr2f + r4)] . (5.14)
Note that here ξ is chosen to be the timelike Killing vector ∂t. It can be checked that the
linearized equations for (ψ1, ψ2) is corresponding to J
′ = 0 and Q′ = 0. Thus J and Q are
indeed radially conserved. Since the linearized perturbation equations are two derivatives,
we can still choose the ingoing boundary condition on the horizon as
Ψ1 ∼ ψ10 − ζf log(r − r0)
4πT
+O(r − r0) + · · · ,
Ψ2 ∼ ψ20 + (−E + ζa) log(r − r0)
4πT
+O(r − r0) + · · · , (5.15)
where ψ10 and ψ20 are constants. In fact, ψ20 is a pure gauge and ψ10 can be determined
through the equation of motion
ψ10 = −2Er0δ + ζr
2
0f
′(r0)
β2
. (5.16)
The electric and heat currents, evaluated on the horizon, are thus given by
J =
(
r0 +
4δ2r0
β2
)
E +
8πδr20T
β2
ζ
11
Q =
8πδr20T
β2
E +
16π2r30T
2
β2
ζ (5.17)
The elements of thermoelectric DC conductivity matrix can now be obtained
σ =
∂J
∂E
= r0 +
4δ2r0
β2
, α =
1
T
∂J
∂ζ
=
8πδr20
β2
,
α¯ =
1
T
∂Q
∂E
=
8πδr20
β2
, κ¯ =
1
T
∂Q
∂ζ
=
16π2r30T
β2
. (5.18)
Interestingly, these results coincide with those of Einstein [62] and Gauss-Bonnet [65] theory.
In other words, Gauss-Bonnet term and quasi-topological term don’t modify the thermo-
electric DC conductivities. This can be seen from the heat current (5.14). Though high
derivative terms contribute to the expression of heat current Q, the value doesn’t change
when evaluated on the horizon, because the horizon is determined by f = 0.
6 Conclusion
Quasi-topological gravity has many well properties. Firstly its linearized equation around
maximally symmetric vacuum is identical to the one of Einstein and Gauss-Bonnet gravities
up to certain overall factor. Its static black hole solution is determined by an algebraic
equation which is similar to Gauss-Bonnet gravity. In this paper, we studied the holographic
application of these black holes. We calculated the shear viscosity on the boundary CFT
with a new method and confirmed the result with previous literature. This new approach is
universal and especially convenient for high derivative gravities. We also have shown that
it is the unique mode in this special high derivative gravity, i.e. the linearized perturbation
equation involves only two derivatives, which contrasts with that for general high derivative
gravities. Then we studied the butterfly effect of quasi-topological gravity. To obtain a shock
wave equation associated with butterfly effect for quasi-topological gravity, in fact we need
perform a totally different perturbation around static AdS planar black hole, which leads
to a fourth order linearized perturbation equation. As a result, we obtained two butterfly
velocity modes. This is very different from Gauss-bonnet gravity. After introducing matter
fields such as Maxwell field and axion fields, we obtained new black hole solution. We
calculated the thermoelectric DC conductivities with momentum dissipation in this black
hole background. We found that the linearized perturbation equations still involve only
two derivatives and furthermore the results are the same with those of Einstein and Gauss-
Bonnet gravities. Our results give more interesting properties of quasi-topological gravity.
12
Its physical implication deserves further research.
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A Explicit expression of tensor P µνρσ
The Pµνρσ for Ricci scalar R is
Pµνρσ1 =
1
2
(gµρgνσ − gµσgνρ), (A.1)
The Pµνρσ for Gauss-Bonnet term X4 is
Pµνρσ2 = 2R
µνρσ +R(gµρgνσ − gµσgνρ)
−2(gµρRνσ − gµσRνρ − gνρRµσ + gνσRµρ) (A.2)
The Pµνρσ for quasi-topological term Z5 is
Pµνρσ3 =
3
4
(RνeσfRµe
ρ
f −RνeρfRµeσf − µ↔ ν)
+
1
56
(
21[2RµνρσR+
1
2
RabcdR
abcd(gµρgνσ − gµσgνρ)]
− 18[2(RµνρeRσe −RµνσeRρe +RρσµeRνe −RρσνeRµe)
+ (Rabc
νRabcσgµρ −RabcνRabcρgµσ − µ↔ ν)]
+ 60[(RµρRνσ −RµσRνρ) + (RνbσdRbdgµρ −RνbρdRbdgµσ − µ↔ ν)]
+ 108[gµρRσcRc
ν − gµσRρcRcν − µ↔ ν]
− 66[(gµρRνσR− gµσRνρR− µ↔ ν) +RabRab(gµρgνσ − gµσgνρ)]
+
45
2
R2(gµρgνσ − gµσgνρ)
)
(A.3)
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